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Abstract. The paper contains an analysis of multiargument relationships in
possibilistic databases. A multiargument relationship may be formally pre-
sented using the relational notation R(X1, X2,...,Xn), where R is the name of
the relationship and attributes Xi denote keys of entity sets which participate
in it. The dependencies between all n attributes describe the integrity con-
straints and must not be infringed. They constitute a restriction for relation-
ships of fewer attributes. In the paper it is considered a possible coexistence
of associations between k < n attributes of the n-ary relationship. The anal-
ysis is carried out using the theory of fuzzy functional dependencies. The
notion of functional dependency has been appropriately extended according
to the representation of data.
Keywords: Fuzzy databases, fuzzy sets, fuzzy functional dependencies, pos-
sibility distributions, inference rules.

1. Introduction

Fuzzy database models have been created for managing and retrieving imper-
fect information. Numerous works discuss how uncertainty existing in databases
should be handled. Some authors proposed incorporating fuzzy logic into data
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modeling techniques. So far, a great deal of effort has been devoted to the devel-
opment of fuzzy data models [1, 2, 3, 4, 5, 6, 7]. There are two major approaches
concerning fuzzy data representation, namely, the similarity-based approach [8]
and the possibility-based approach [9]. In the former domains of attributes are as-
sociated with similarity relations and attribute values can be ordinary subsets of
their domains. In the latter approach, which is applied in the presented paper, at-
tribute values are expressed by means of possibility distributions.

The theory of possibility was introduced by Zadeh [10]. The concept of a pos-
sibility distribution is defined with the use of the concept of a fuzzy set. A fuzzy set
is a generalization of an ordinary set. In classical set theory one can define a char-
acteristic function which indicates membership of elements in sets. It is a mapping
R→{0, 1}, where R denotes the universe of discourse. The characteristic function
of the set A takes the value 1 if the element e belongs to A and 0 in the opposite
case. However, if there are no sharp boundaries of membership the unique quali-
fication of elements is not always obvious. Thus the set {0, 1} should be replaced
with the interval [0,1]. The definition contains a membership function which is a
mapping R→ [0, 1].

Definition 1 Let R be a universe of discourse. A fuzzy set A in R is defined as a
set of ordered pairs:

A = {< x, µA(x) >: x ∈ R, µA(x) : R→ [0, 1]} , (1)

where µA(x) is a membership function.

Based on the concept of the fuzzy set one can define the concept of the possibility
distribution.

Definition 2 Let R be a universe of discourse, X be a variable on R and F be a
fuzzy set with the membership function µF(x). The possibility distribution of X with
respect to F is defined as

ΠX = {πX(x)/x : x ∈ R, πX(x) = µF(x)}. (2)

In the possibilistic database framework each value x of an attribute X is assigned
with a number πX(x) from the unit interval which expresses the possibility de-
gree of its occurrence. The possibility distribution takes the form: {πX(x1)/x1,

πX(x2)/x2, ..., πX(xn)/xn}, where xi is an element of the domain of X. At least one
value must be completely possible i.e. its possibility degree equals 1. This require-
ment is referred to as the normalization condition. Different ways of determination
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of the possibility degree have been described in [6]. Possibilistic databases allow
for a unified way of representing of precise and ill-known information. A precise
attribute value is represented by {1/x}. A fuzzy value expressed by a fuzzy set A
with the membership function µA(x) is represented by the possibility distribution
such that πX(x) = µA(x).

The main constructs of the entity-relationship data model are entities, rela-
tionships and their attributes. An entity is an existing object which is distinguish-
able from other objects. A relationship is an association between entity sets. In
database models, usually binary relationships occur between entity sets. However,
when designing it may be necessary to define relationships comprising more sets.
Relationships which involve three or more entity sets are referred to as n-ary or
multiargument relationships. The number n is called the degree of the relation-
ship. Within such connections there may exist relationships comprising fewer than
n sets. However, there is no complete arbitrariness [11, 12, 13]. The relationships
"embedded" in n-ary relationships are subjected to certain restrictions. They cannot
be in conflict with requirements of the n-ary relationship. Cardinalities of binary
relationships embedded in ternary relationships were considered in [11]. For var-
ious types of ternary relationships the authors formulated the rules to which the
binary relationships between pairs of sets are subjected.

The aim of the paper is to analyze multiargument relationships in possibilis-
tic databases. The analysis is carried out with the use of functional dependencies
(FDs) which reflect integrity constraints and should be studied during the design
process [14]. The classical definition of functional dependency between attributes
X and Y is based on the assumption that the equality of attribute values may be
evaluated formally with the use of two-valued logic. The existence of FD X → Y
means that X-values uniquely determine Y-values. If attribute values are impre-
cise, one can say about a certain degree of the dependency X → Y . The classical
notion of functional dependency has to be modified according to the representation
of fuzzy data. Since the notion of FD plays an important role in the design process
[15], its fuzzy extension has attracted a lot of attention. Hence, different approaches
concerning fuzzy functional dependencies (FFDs) have been described in profes-
sional literature. A number of different definitions emerged [16, 17, 18, 19, 20, 21].
In further considerations we will apply the definition proposed in [16].

The paper is organized as follows. The next section presents the notion of the
fuzzy functional dependency which is used in the analysis. Section 3 discusses
binary relationships embedded in the ternary relationship. Generalized integrity
conditions for n-ary relationships are described in Section 4.
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2. Functional Dependencies in Possibilistic Databases

In conventional databases a relation r of the scheme R(U) is a subset of Carte-
sian product of attribute domains: r ⊆ D1 × D2 × ... × Dn, where U denotes a set
of attributes, U = {X1, X2,...,Xn} and Di denotes a domain of Xi. Let us assume that
attribute values are given by means of normal possibility distributions:

t(Xi) = {πt(Xi)(x)/x : x ∈ Di} , supx∈Di
πt(Xi)(x) = 1 ,

where t is a tuple of r and πt(Xi)(x) is a possibility degree of t(Xi) = x. Allowing for
possibility distributions to appear as attribute values one arrives at fuzzy relations.
A tuple of a fuzzy relation is of the form

t =< ΠX1 ,ΠX2 , ... , ΠXn >, (3)

where ΠXi is a possibility distribution of Xi on Di = DOM(Xi). Thus, a relation is a
subset of Cartesian product ΓD1 × ΓD2 × ... × ΓDn , where ΓDi is a set of possibility
distributions of Xi.

Values X and Y described by means of possibility distributions can be com-
pared with the use of the possibility measure, denoted by Pos. This measure ex-
presses the extent to which the considered values satisfy a comparison relation.
According to [9], the possibility that ΠX = ΠY equals

Pos(ΠX = ΠY ) = supxmin(πX(x), πY (x)). (4)

The possibility measure can be applied for evaluation of closeness measure for
attribute values in possibilistic databases. Let t1 and t2 be tuples of the relation r
of the scheme R(U). The closeness measure of t1(Xi) and t2(Xi), denoted by =c

(t1(Xi), t2(Xi)), is as follows:

=c (t1(Xi), t2(Xi)) = Pos(Πt1(Xi) = Πt2(Xi)) = supxmin(πt1(Xi)(x), πt2(Xi)(x)) (5)

Obviously, the degree of closeness for identical values equals 1. Finally we obtain:

=c (t1(Xi), t2(Xi)) =

{
1 if t1(Xi) and t2(Xi) are identical

Pos(Πt1(Xi) = Πt2(Xi)) otherwise

For complex attributes X ⊆ U one must consider all the components Xi of X and
apply the operation min:

=c (t1(X), t2(X)) = mini =c ((t1(Xi), t2(Xi)) (6)
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where Xi ∈ X.
In [17] the following definition of the fuzzy functional dependency (FFD) for

the possibilistic fuzzy data model has been proposed:

X →θ Y (θ ∈ (0, 1]) is valid in r ⇔

if ∀t1, t2 ∈ r t1(X) = t2(X)⇒ t1(Y) = t2(Y) else

mint1,t2 I(t1(X) =c t2(X), t1(Y) =c t2(Y)) ≥ θ, (7)

where θ denotes a degree of X → Y , I is Gödel implication:

IG(a, b) = 1 if a ≤ b and IG(a, b) = b if a > b. (8)

and =c is a closeness measure based on the equality of two possibility distributions.
The author proved the soundness and completeness of the axiomatic system

composed of the inference rules (extended Armstrong axioms). In further works
Chen developed a testing algorithm for dependency-preserving decomposition and
designed a number of fuzzy normal forms.

The degree of fuzzy functional dependency contains the information to what
extent X functionally determines Y . Its existence means that close Y-values corre-
spond to close X-values to a certain degree. If values of X are almost different the
degree of X → Y should be high regardless of the closeness of Y-values. This prop-
erty is not satisfied by the definition proposed by Chen. Suppose =c(t1(X),t2(X))
= 0,1 and =c(t1(Y),t2(Y)) = 0. Thus the grade of X → Y equals 0 which means a
lack of dependency. In [16] Cubero and Villa proposed a definition in which the
grade of FFD is determined by more than one number from the unit interval. These
numbers correspond to closeness measures for both X and Y . Let X = { Xi } i ∈ I

and Y = { Xi } j ∈ J , where I, J ∈ {1, 2, ..., n}. Let αX = (αXi) and αY = (αY j) denote
vectors of thresholds imposed on the attributes of X and Y respectively:

αXi ≤ =c (t1(Xi), t2(Xi)) and αY j ≤ =c (t1(X j), t2(X j)) (9)

Definition 3 Let R(U) be a relation scheme where U = {X1, X2, ... , Xn}. Let X and
Y be subsets of U: X = { Xi } i ∈ I and Y = { Xi } j ∈ J , where I, J ∈ {1, 2, ..., n}. Let
αX and αY denote vectors of thresholds (9). Y is functionally dependent on X in
θ = (αX , αY ) degree, denoted by X →(αX ,αY ) Y, if and only if for every relation r of
R the following condition is met:

if ∀t1, t2 ∀i ∈ I =c (t1(Xi), t2(Xi)) ≥ αXi then

∀ j ∈ J =c (t1(Y j), t2(Y j)) ≥ βY j . (10)
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Thus, closeness of X-values to the degree αX implies closeness of Y -values to the
degree βY . According to the definition 3 one can formulate the following set of
axioms (extended Armstrong’s axioms):

A1: Y ⊆ X ⇒ X →αX , αY Y

A2: X →αX , αY Y ⇒ XZ →αXZ , αYZ YZ

A3: X →αX , αY Y ∧ Y →αY , αZ Z ⇒ X →αX , αZ Y ,

From A1, A2 and A3 the following inference rules can be derived:

D1: X →αX , αY Y ∧ X →αX , αZ Z ⇒ X →αX , αYZ YZ

D2: X →αX , αY Y ∧ WY →αWY , αZ Z ⇒ XW →αXW , αZ Z

D3: X →αX , αY Y ∧ Z ⊆ Y ⇒ X →αX , αZ Z;

D4: X →αX , αY Y ⇒ X →βX , βY Y for βX ≥ αX and βY ≤ αY .

3. Consistency rules for ternary relationships

Let us consider a ternary relationship between entity sets E1, E2 and E3 in a
conventional database. Let X, Y and Z denote keys of E1, E2 and E3, respectively.
Such relationship may be formally presented with the use of the relational nota-
tion: R(X,Y,Z). Cardinality of R can be expressed as M1:M2:M3, where M1 (M2 or
M3) denotes the number of entities of E1 (E2 or E3) that can occur for each pair of
entities from E2 and E3 (E1 and E3 or E1 and E2). For ternary relationships anal-
ysis of four possible cases is necessary: 1:1:1, M1:1:1, M1:M2:1 and M1:M2:M3.
According to [11] cardinalities of imposed binary relationships cannot be lower
than the cardinality of the ternary relationship. Therefore, for the first case, the bi-
nary relationships of any cardinalities can be imposed. In the fourth case the binary
relationship may be only of the many-to-many type.

The imposition of binary relationships may be also analysed using the theory
of functional dependencies. The FDs describing a relationship R(X,Y,Z) are as
follows:

XY → Z, XZ → Y, YZ → X (11)

These dependencies describe the integrity constraints and must not be infringed.
They constitute a restriction for binary relationships. The imposition of the binary
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relationship is admissible if no new dependency (11) will be created. For a ternary
relationship of cardinality 1:1:1 there exist three dependencies (11). Let us im-
posed a binary relationship represented by FD X → Z. The imposition of X → Z
implies XY → Z which means that integrity constraints have not been disturbed. In
case of cardinality M1:M2:M3, where Mi > 1, the dependencies (11) do not occur
at all. Therefore imposition of any binary relationship is inadmissible.

Let us consider a ternary relationship R(X,Y ,Z) with the following FFDs:

XY →αXY , αZ Z , XZ →βXZ , βY Y , YZ →γYZ , γX X , (12)

where αXY =(αX , αY ), βXZ =(βX , βZ), γYZ =(γZ , γY ).
Let us define the following fuzzy sets of attributes:

L = {θX/X, θY/Y, θZ/Z} , B = {γX/X, βY/Y, αZ/Z} , (13)

where

θX = (αX + βX)/2, θY = (αY + γY )/2, θZ = (βZ + γZ)/2 . (14)

Membership grades of attributes depend on levels of corresponding FFDs. If an at-
tribute does not occur on the right side of any FFD (12) its degree of membership
to B equals 0.

Theorem 1. Within the fuzzy ternary relationship R(X,Y,Z) with FFDs (12) there
may exist binary relationships determined by FFDs of the form V →φV , φW W,
where V,W ∈ {X,Y,Z}, if φX ≥ βX and φY ≤ βY for V = X and W = Y, φX ≥ αX

and φZ ≤ αZ for V = X and W = Z, φY ≥ γY and φX ≤ γX for V = Y and W = X,
φY ≥ αY and φZ ≤ αZ for V = Y and W = Z, φZ ≥ γZ and φX ≤ γX for V = Z and
W = X, φZ ≥ βZ and φY ≤ βY for V = Z and W = Y.

Proof. Let us consider the imposition of X →φX , φZ Z. Basing on A2 and D3 we
obtain XY →φXY , φZ Z, where φXY = (φX , φY ). If φX < αX or φZ > αZ , the integrity
constraints (12) will be disturbed. The membership degrees of Z in the fuzzy sets
(13) will change. In the opposite case i.e. if φX ≥ αX and φZ ≤ αZ the imposition is
allowed because then XY →αXY , αZ Z ⇒ XY →φXY , φZ Z (rule D4). Thus, the level
of the imposed FFD is limited by values of α, β and γ in (12). The proof for other
impositions is similar. �
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4. General Integrity Constraints for n-ary Relationships

The obtained in the previous section result can be generalized for n-ary rela-
tionships. Let us denote by U the set of all attributes, U = {X1, X2, ... , Xn}, of
the relation scheme R(X1, X2, ... , Xn). The FDs describing n-ary relations may be
presented as follows:

U − {Xi} → Xi, i = 1, 2, ... , n . (15)

Cardinality of an n-ary relationship between n entity sets E1, E2, ... , En may be
presented as M1 : M2 : ... : Mn, where Mi denotes the number of entities ei of Ei

that can occur for each (n-1)-tuple (e1, e2, ... , ei−1, ei+1, ... , en). Functional depen-
dencies (15) constitute a restriction for (n-1)-ary relationships. Their quantity de-
pends on the cardinality and is equal to the number of Mi values such that Mi = 1.
For a relation of cardinality 1:1: ... :1 this number is n. If Mi > 1 for every i, the
dependencies (15) do not occur at all. The FDs describing relations between (n-1)
attributes may be presented as follows:

U − {Xi, X j} → Xi, i , j, i, j = 1, 2, ... , n . (16)

The imposition of an FD (16) is inadmissible if it results in creation of a new FD
(15). Basing on Armstrong’s axioms we obtain U − {Xi, X j} → Xi ⇒ U − {Xi}

→ Xi. If Xi occurs in the right side of any FD (15) the considered imposition is
admissible.

Corollary 1. Within n-ary relationship R(X1, X2, ... , Xn) with functional dependen-
cies between n attributes determined by formula (15), there may exist a functional
dependency U − {Xi, X j} → Xi, where i , j, i, j = 1, 2, ... , n, if attribute Xi occurs
in the right side of any FD (15).

Let us consider a multiargument relationship of the scheme R(X1, X2, ... , Xn)
with the following FFDs:

U − {Xi} →αi,X , βXi
Xi, i = 1, 2, ... ,m , m ≤ n , (17)

where
αi,X = (αi,X1 , ..., αi,Xi−1 , αi,Xi+1 , ..., αi,Xn) (18)

Let us define the following fuzzy sets of attributes:

L = {θ1/X1, θ2/X2, ..., θn/Xn} , B = {βX1/X1, βX2/X2, ...., βXn/Xn} , (19)
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where

θi =



(
∑ j=m

j=1 α j, Xi )/ m if βXi = 0

(
∑ j=m

j=1 α j, Xi )/ (m − 1) if βXi > 0 and m > 1

0 if βXi > 0 and m = 1 ,

(20)

Theorem 2. Within the fuzzy n-ary relationship R(X1, X2, ... , Xn) with FFDs (17)
there may exist (n-1)-ary relationships determined by the following FFDs:

U − {Xi, X j} →φi, j,X , λXi
Xi, i , j, i, j = 1, 2, ..., n, (21)

where

φi, j,X = (φi, j,X1 , ..., φi, j,Xi−1 , φi, j,Xi+1 , ..., φi, j,X j−1 , φi, j,X j+1 , ..., φi, j,Xn) , (22)

in which ∀k,i, k, j φi, j,Xk ≥ αi,Xk and λXi ≤ βXi .

Proof. The possibility to impose (n-1)-ary relationships is limited by values of αi,X

and βXi . The membership degrees of attributes in the sets (19) cannot be changed.
Due to the Armstrong’s rules: U−{Xi, X j}→φi, j,X , λXi

Xi ⇒U−{Xi}→φi, j,X , λXi
Xi and

U−{Xi}→αi,X , βXi
Xi ⇒ U−{Xi}→φi, j,X , λXi

Xi for φi, j,Xk ≥ αi,Xk , k , i and k , j, and
λXi ≤ βXi . Thus, levels of FFDs (16) remain the same as well as the fuzzy sets
(19). The imposed relationship does not disturb the integrity conditions. �

5. Conclusions

The subject of considerations presented in the paper is the possible occurrence
- within the n-ary relationship with attributes represented by means of possibility
distributions - of fuzzy functional dependencies (21) describing the relationships
between (n-1) attributes. The starting point are fuzzy functional dependencies (17)
existing between all attributes of the relation scheme R(X1, X2, ... , Xn). In the
paper we applied the definition of FFD which was formulated by Cubero [16].
Its level is evaluated by closeness measures (6) for all attributes. Dependencies
(21) are admissible if their levels satisfy conditions which have been formulated in
Theorem 2.
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